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Abstract 

The three new deformed Poincare Hopf algebras are constructed with use of 
twist procedure. The corresponding relativistic space-times providing the sum of 
canonical and Lie-algebraic type of noncommutativity are proposed. Finally, the 
nonrelativistic contraction limits to the corresponding Galilei Hopf algebras are 
performed. 
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1 Introduction 



Due to several theoretical arguments (see e.g. [I]-[l]) the interest in studying of space-time 
noncommutativity is growing rapidly. In accordance with the Hopf-algebraic classification 
of all deformations of relativistic and nonrelativistic symmetries (see |5], [6]) the most 
general form of space-time noncommutativity looks as follows 

[x^,Xu] = 9f,u{x) , (1) 

where 

o,Ax) = ef, + ^« ^x, + ef} p^x,xr . (2) 

For the simplest, canonical noncommutativity {9f^y{x) = 6^^), the corresponding 
Poincare Hopf algebra has been provided in [7j and [8j with the use of twist procedure 
[9]-[TT], while its nonrelativistic counterparts have been discovered by various contraction 
schemes in 1121. 



The Lie-algebraic {0^u{x) = 6^i!i}^Xp) relativistic and nonrelativistic symmetries have 
been proposed in [T3] and [H] respectively. In the literature they are known as k- 
Poincare and /t-Galilei Hopf algebra, which in relativistic case correspond to the following 
K-Minkowski space-times 

[ s^o; Xi ] = —Xi , [ Xi, Xj ] = , (3) 
with mass-like deformation parameter k. 

Besides, there were proposed the twist deformations of a Lie-type at relativistic and 
nonrelativistic level in [TJ], [TH] and [12]. 

The quadratic deformation {9p^{x) = Oj^J^^XpXr) has been studied in [T7] and [U]. 

Unfortunately, in almost all theoretical considerations the mentioned above quantum 
space-times are considered separately. Recently, however, there was proposed in [18] (see 
also [19]) the relativistic Hopf structure corresponding to the so-called generalized space- 
time, with coefficients 6^^^ and O^^J^ different than zero simultaneously. Particulary, it 
has been shown that by canonical twist deformation of K-Poincare Hopf algebra, we get 
{(^fj.u, K)-deformed symmetries associated with the following quantum space 

[ xq, Xi ] = -Xi + i9oi , [ Xi, Xj ] = iOij . (4) 

In this article we propose three new Poincare Hopf universal enveloping algebras 
^eki,n{V), Ueo^iV) and Ueg^^niV) corresponding to the following generalized space-times 
(a, 6 =1,2, 3)0 

z % 

[xQ,Xa] = -XiSak , [Xa,Xb] = 2i9kl{SakSbl - SalSbk) + -Xoi^iaSkb - Ska^ib) , (5) 
K K 



^The mentioned space-times are defined as the Hopf modules of Ub^i^k^V), l^Ooi, kCP) and l^eoi,R{'P) 
Hopf algebras respectively (see e.g. [20], [21], [8]). 
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[xo,Xa] = -{SiaXk - 5kaXl) +2i9oi6ia , [Xa,Xb]=0, (6) 
K 

and 

z % 

[Xo,Xa] = ^iOoiSia , [Xa,Xb] = Sib^SkaXl - SiaXk) + -Sia{SibXk - SkbXl) , (7) 

K K 

respectively. All three examples ©-(ITj) are obtained by the twisting of classical algebra 
with use of the factors defined as suitable superposition of twist factors for canonical and 
Lie-algebraic deformation of relativistic symmetry. In other words, used in this article 
algorithm follows the procedure [9]-[II] used in [18], [19], but this time, besides twisting 
the K-Poincare algebra, we supplement with second twist factor the twisted Poincare Hopf 
algebras [8], [T5]. Further, in the second step of our investigation, we also perform three 
nonrelativistic contractions ([22], [23] ; see also [12j) of our generalized Poincare Hopf 
structures. In such a way we get the corresponding Galilei Hopf universal enveloping 
algebras %,,a(^?), U^^^ xiQ) and U^^^ x{Q) respectively. 

It should be noted that there are several motivations for present studies. First of all, 
such investigations are interesting because they provide six new explicit Hopf algebras. 
Besides, it should be noted, that the presented algebras permit to construct the corre- 
sponding phase-spaces (see e.g. [21], [25J|) in the framework of so-called Heisenberg double 
procedure [11]. Consequently, it permits us to discuss of Heisenberg uncertainty principle 
associated with such generahzed quantum space-times. Finally, one can consider corre- 
sponding classical and quantum relativistic and the nonrelativistic particle models. Such 
a construction has been already presented in the case of classical nonrelativistic particle 
moving in external constant force ^26], [21], and the studies of deformations ©-([Tj) in a 
context of dynamical considerations are postponed for further investigations. 

The paper is organized as follows. In second Section we recall necessary facts concern- 
ing twist-deformed Poincare Hopf algebras [S], [IS]- In Section 3 we present three new 
Poincare Hopf structures; the corresponding generalized space-times and the proper non- 
relativistic contractions to Galilei algebras are presented in Sections 4 and 5 respectively. 
The results are summarized and discussed in the last Section. 



2 Twisted Poincare Hopf algebras 

Let us recall five canonically and Lie-algebraically twisted Poincare Hopf algebras U.{V) 
proposed in [8] and [15] respectively. All of them are described by classical (undeformed) 
algebraic sector {t]^^ = {-,+,+,+)) 

[M^y, Mpa-] = i {rjp^ M^p - 7]^^ Mpp + rj^pMp^ - r]ppM^„) , 
[Mp,,Pp]=i{r^,pPp-r^ppP,) , [P^,P,] = 0, (8) 

and twisted coalgebraic part 

Ao(a) ^ A.(a) = J^. o Ao(a) o J^r^ , S.{a) = u. 5o(a) u7^ , (9) 
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with Ao(a) = a®l + l(8a, So{a) = —a and u. = ^ /(i)5'o(/{2)) (we use Sweedler's 
notation J^. = Yl /(i) ® /{2))- 

Present in the above formula twist element JT. g W. (P) ^ U. {V) satisfies the classical 
CO cycle condition [10], [11] 

T.u ■ (Ao ® 1) ^. = -F.23 • (1 ® Ao) ^. , (10) 

and the normalization condition 

(e®l) ^. = (l®e) ^. = 1 , (11) 

with J^.i2 = -F. O 1 and = 1 ® 

In the case of first, canonically deformed algebra Uei^^{V), the twist element looks as 
follows {9ki = -9ik) 

J^eu = exp i {OkiPk A P;) ; [k,l - fixed ] , a Ab = a (g) b - b a (12) 

and, in accordance with (Q, the corresponding coproduct sector takes the form 

AejP,) = Ao(P^), (13) 
AejM^^) = Ao(M/,^) - ekl[{^lk^,Pv - Vku P^.) (^Pi + Pk® {vii^Pu - m-^P,.)] 

+ Oki[{Vi,.Pu - Viu Pm) (^Pk + Pif^ {r|k^.Pu - VkuP^)] ■ (14) 

The antipodes and counits remain undeformed 

So(P^) = -P^ , So{M^,) = -M^, , e(M^,) = e(P^) = . (15) 

For the second considered algebra Wg,,. {V) we have the following twist element 

J^Oo, = exp i {OoiPo A Pi) ; [i- fixed ] , (6'oi = -6*^0) , (16) 

and the corresponding coproduct sector is given by 

A,,JP,) = Ao(P^), (17) 
Ae,^ (M^,) = Ao (M^,) - Oq, [{r]o^P, - t]o, P^) ® P^ + Pq ® (m^Pu - Vi.Pf^)] 

+ OQi[{T]i^P^ - T],^ P^) ® Po + Pi ® {r]o^,Pu - VouP„)] ■ (18) 

The antipodes and counits become classical. 

In the case of Lie-algebraically deformed Hopf algebra Ut,{V) the twist factor and 
coproducts look as follows 

= exp (Pfc A Mio) [2,A;-fixed, A;] , (19) 



^AU carriers of considered twist factors are Abelian. 
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A^(P^) = Ao(P^)+smh(^Pfe) A(r7i^Po-r7oM^i) 

+ (cosh(^Pfe) -1)± {rji^Pi - rjo^Po) , (20) 

+ i[M^„Mio] Asinh(^Pfe) 

- [[M^,, M,o] , M,o] ± (cosh(i-Pfc) - 1) (21) 
+ ^Mio smh(^Pfc) ± {ijjkPi - XkPo) 

- TT ("^kPo - XkPi) A M,o(cosh(^Pfc) - 1) , 

where 

= (^i^fcf^o// - S^j,kSou , Xk = (^;^jt(^i/i - S^j,kSiu , a ±b^ a<S>b + b<^a . (22) 

The antipodes and coproducts remain undeformed. 

In the case of two remaining Lie-algebraic Hopf structures the twist factors are given 

by 

J^k = exp ^ (Po A Mki) [k,l- fixed ] , (23) 
J^-K = exp ^ (P, A Mki) [i,k,l- fixed, i^k,l], (24) 
while the corresponding coproducts take the form 

A^(P^) = Ao(P^)+sin(^Po) A(%^Pi-77i^Pfc) 

+ (cos(^Po) - 1) ± {Vk^.Pk + Vl^.Pl) , (25) 

A«(M^,) = Ao{M^.) + ^MklA{v^,oPu-V.oP^i) 

+ i[M^„Mfc;] Asin(^Po) 

+ [[M^,, Mki] , Mfe,] ± (cos(^Po) - 1) 

+ L M,i sm{^ Po) ±{iJoPk-XoPi) (26) 

ZK ZK 

+ ^ (V^o^z + Xo^) A Mfc,(cos(^Po) - 1) , 



and 



+ (cos(^P,) - 1) ± (%^Pfc + vif.Pi) , (27) 



+ z[M^,,Mki]Asm{^P,) 

+ [[M^,, Mki] , Mki] ± (cosi^Pi) - 1) 

+ Mki sm{^ P,) ±iij,Pk~XiPi) (28) 

+ 7^ {APi + XiPk) A Mh(cos(— Pi) - 1) , 

respectively, with 

= "luXm^i - VfiXVlu , X\ = VuXVkfi - Vf^XVku ■ (29) 

The antipodes and counit remain classical. 

It should be noted, that all above algebras can be derived from relativistic classical 
r-matrices r. G tl-{V) ^U.lV), which are given by 

re,, = OkiPk A Pi [kj- fixed ] , (30) 

re,, = Oo^Po A P, [ 2 - fixed ] , (31) 

r. = 7^PfeAM,o [2,A;-fixed, ty^k], (32) 
2k 

rk = ^Po AMki [k,l- fixed ] , (33) 

and 

= —Pi A Mki [i,k,l- fixed, iy^k,l]. (34) 
The matrices (I30l) - (1MI) satisfy the classical Yang-Baxter equation (CYBE) 

[[ r., r. ]] = [ r.i2, r.is + r.23 ] + [ r.13, r.23 ] = , (35) 



where the symbol [[ •, • ]] denotes the Schouten bracket and r.12 = r. A 1, r.13 = t.i A 1 Ar.2, 
r.23 = 1 A r., r. = r.i A r.2. 

Obviously, for parameters Om, 9oi running to zero and parameters approaching 
infinity all above algebras become classical. 
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3 Generalized twisted Poincare Hopf algebras 

In this Section we introduced the generahzed twisted algebras described by proper sums 
of matrices (|30D-(|34 



i) relativistic (^ki, «:) -deformation 



^e,,.. = —Pk A M,o + OkiPk A Pi , (36) 



Let us start with the following classical r-matrix 

1 

2k' 

defined as the sum of r-matrices (J30i) and (l32l) with indices fc, / different than One can 
check that it satisfies the GYBE equation (l35i) . 

We find the corresponding deformed coproduct sector in two steps. Firstly, we twist 
classical Poincare algebra IAq{V) with use of the factor f|T2|) or f|T9|) . In such a way we get 
the Hopf algebra Ue^^iiV) or U^iV) described in pervious Section. Next, following [181 
and [12], we twist the coalgebraic sector of Uq^,^{V) or U^iV) with the use of twist factoio 
satisfying 9ki- or /t-deformed cocycle condition (see formulas ffT^ . ffT^ or fl2Ul) . ([21])) 

^K/ekii2 ■ {^eki/f^ ® 1) ^fi/eki = ^^/Otm ■ (1 ® ^9^/^) ^K/e^i , (37) 
and normalization condition 

(e®l)/-./e,, = (l®e)/-«/e,, = 1. (38) 

One can check that the solutions ^K/Oki of the equations fl37j) . fl38|) are the same as for 
classical coproduct Ao(a), i.e. they are given by the formulas f|T9l) or f|T2l) respectivelj{^. 
In such a way we get the following coalgebraic sector 

Ae,„K(P^) = Ao{P^) + smh{^Pk) Aiv^^.Po-Vo,.P^) (39) 

+ {cosh{-^Pk) - 1) ± iVifiPi - VOf^Po) , 



- [[M^„ M,o] , Mio] ± (cosh(^Pfe) - 1) 

+ ^Miosinhi^Pk) ±i^PkPi-XkPo) (40) 
Zk Zk 

- — i^kPo - XkPi) A Mio(cosh(— Pfc) - 1) 
Zk Zk 



■^The carrier of matrix ([55)) is Abelian. 

"^The considered (second) factor corresponds to the matrix ([5^ or (|30p respectively. 
^Consequently, in accordance with the Abelian character of matrix ([36[) . the total twist factor takes 
the form Te^^^,^ = J^^ ■ J^e^i = ^e^i ■ expi(^Ffc A M^o + 6'fe;F/c A Pi). 
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+ 



0^\{r]k^Pu - Vk. P^) ^Pi + Pk ® ivif^P. - ViuP,.)] 

OkliiVlf^Pu - Vlu Pf,) ®Pk + Pi® iVkfiPiy - VkvPp)] 



+ 



+ 



Ou [[M^., M,o] , Pk] ± sinh(^Pfc)P; 
Oki [[M^., M,o] , Pi] ± smh{^Pk)Pk 
lOki [[[M^., M,o] , Mio] , Pfc] A (cosh(^Pfc) 
idki [[[M^., Mo] , Mio] , Pi] A (cosh(;^Pfe) 



which together with algebraic relations ([8]) and antipodes/co units (fTSll defines the gen- 
eralized Poincare Hopf algebra ZY^f^.j^^l'^)- It should be noted that for parameter O^i ap- 
proaching zero we get 'U^{V) algebra, while for n running to infinity we obtain Wgj.j(P) 
Poincare Hopf structure provided in pervious Section. 

ii) relativistic (^oi, ^) -deformation 

Let us now turn to the second (generalized) classical r-matrix 



sum of r-matrices for Uf^{V) and Ug^-iV) algebras. Obviously, it satisfies GYBE equation 



In order to find the corresponding Hopf algebra we use the same prescription as in 
the case of constructed above Hopf structure lAe,^i,K.{P). It should be noted however, that 
this time, in the second step of used algorithm we twist the algebras U^iV) or Ug^^-(V) 
respectively. One can check that as before, the corresponding twist factors are the same 
as f|T6|) or fl23l) . and they solve the modified cocycle condition with respect to coproducts 





^eo.MPiJ.) 



= Ao(P^) + sin(— Po) A {T]k^Pi - rii^Pk) 



(42) 



+ (cos(— Po) - 1) ± (%^Pfc + rii^Pi) , 



^The carrier of matrix (|4T|) remains Abelian. 

''Hence, the total twist factor can be written as T^oi^k — expi( 
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+ 



+ i[M^,,Mki]Asm{—Po 



+ [[M^,, Mki] , Mki] ± (cos(;^Po) - 1) 

+ 



(43) 



Mki sin(-^Po) ^ - XoPi) 

Zk Zk 

^ iiJoPi + XoPk) A MfcKcos(^Po) - i; 
Zk Zk 



- Ooi[{r]o^^Pu - Vou Pm) ^Pi + Po® iVif^Pu - ViuPf,)] 
+ Ooi[{r]i^P^ - T],^ P^) ®PQ + Pi® {t]o^P^ - r]o^P^)] 

+ [[M^,, Mm] , Po] ± sm(i,Po)P, 

- 9oi [[M^u, Mki] , Pi] ± sin(^Po)Po 

- ^eo^ [[[M^., Mki] , Mki] , Po] A (cos(;ipo) - l)Pi 
+ lOoi [[[M^., Mki] , Mfci] , Pi] A (cos(^Po) - l)Po . 

The above relations together with algebraic sector ([8]) and antipodes/counits f|T5l) define 
the generalized Poincare Hopf algebra Ue^^^kiV). Of course, for parameter 6*04 running to 
zero we obtain Hopf structure lAk{V), while for parameter k approaching infinity we get 
l^doiiV) algebra described in Section 2. 



iii) relativistic (^oh /^)-deformation 

Let us now consider the last generalized r-matrix 

r-do^fi = ^Pi A Mm + d^iPo A Pi , (44) 
Zk 

defined as a sum of r-matrices for Ufi{V) and Ue^^lV) Hopf algebras with index i different 
than k, I and 0. It satisfies the classical Yang-Baxter equation fl55]) . 

We get the corresponding Hopf algebra by twist procedure of the coproducts (fT7|) . (fT8|) 
or (1271) . (!28l) . where the proper twist factors are exactly the same as (l24l) or (fT6|l . and 
satisfy the following modified cocycle condition 

^fi/eo,i2 ■ {^eor/R ® 1) ^R/eo, = ^RiQ^a-i ' (1 ® ^eo,/R) ^R/Ooi , (45) 
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respectiveljl^. Then, we have 

Ae,^,^iP^) = AoiP^) + sm{^Pi}Aivk>.Pi-Vi^.Pk) (46) 
+ {cos{^P,) - 1) ± (r^fc^Pfc + r]i^Pi) , 

Aeo,,^(M^,) = Ao{M^,) + ^MkiA{Vt.iPu-VuiP^.) 

+ i[M^,,Mki]Asm{^Pi) 

+ [[M,,,M,i],Mm]±{cos{^P,)-1) (47) 

+ ^Mki sin(^Pi) ± {^iPk - Xi^/) 

+ — {ijj.Pi + XiPk) A M«(cos(— P,) - 1) 

ZK ZK 

- doi [{VOt^Py - VOu P/.) ® Pi + Po ® iVi^Pu - ^?ii.P/.)] 
+ ^Oi liVit^P^^ - Viv ^m) ® ^0 + i^i ® {VOi^Pv - r/Oi.i^/.)] 

+ [[M^., Mfc^] , Po] ± sin(;ip,)P, 

- [[M^., Mki] , P.] ± sin(^P,)Po 

Zk 

- tOoi [[[M^., Mfei] , Mm] , Po] A (cos(;^P,) - 1)P, 
+ ^eo^ [[[M^., M,;] , Mfc,] , P,] A (cos(;ip,) - l)Po . 

The above relations together with classical algebraic sector ([8]) and undeformed an- 
tipodes/counits (|T5l) define generalized Poincare Hopf algebra UeQ^fi(V). Obviously, for 
ft ^ oo we get UgQ^{V) Poincare Hopf algebra, while for 6'oi ^ we obtain Ur{V) Hopf 
structure described in second Section. 

4 Generalized twisted relativistic space-times 

In this Section we introduce the generalized relativistic space-times corresponding to 
the Poincare Hopf algebras provided in pervious Section. They are defined as quantum 
representation spaces (Hopf modules) for quantum Poincare algebras, with action of the 
deformed symmetry generators satisfying suitably deformed Leibnitz rules [20], [21], [8]. 
The action of Poincare algebra on a Hopf module of functions depending on space-time 
coordinates is given by 



"^Te^,,-^ = expi(^P, A Mu + OoiPo A Pi). 
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P,> f{x) = id,f{x) , M^,>f{x)=z{x^d,-x,d,)f{x), (48) 

while the ^,-multiphcation of arbitrary two functions is defined as follows 

fix) ^. g{x) := CO o {j^r' > fix) ® gix)) . (49) 

In the above formula J^. denotes twist factor corresponding to a proper Poincare group 
and uj o [a ^ b) = a ■ b. 

i) the deformation (5) 

Let us start with Wg^., ^('P) Hopf algebra described by matrix (136|) . In such a case, in 
accordance with considerations of pervious Section, the star multiplication of two arbitrary 
functions f{x) and g{x) is given by 

fix) -ke,,,^ g{x) =ujo (J^7j_^ > (/(x) ® g{x))) , (50) 

where the multiplication operator J^eki,K is defined by the superposition of two twist factors 
(USD and (m 

i ( 1 

^Hu- = ■^n = T^- Te^, = exp - IQ^iPk A Pi) + -(P^ A M^o) 

Hence, due to the formulas (HSl) . (l49l) we hav^ 

% % 

[a;o,a;a]*9 = -Xibak , [Xa,Xb]i,e^^^,^ = 2i9kl{SakSbl - SaAk) + -Xo{SiaSkb - SkaSib) ■ 

Kj Kj 

Of course, for parameter 6ki approaching zero or parameter k running to infinity, we get 
the relativistic space-times associated with Hopf algebras Uk,{V) or Ug|^^{V) respectively 
(see i, [15]). 

ii) the deformation (6) 

In the case of W^g. ^(P) Hopf algebra the corresponding multiplication looks as follows 

fix) *eo„K 9{x) =ujo [j^gK^ > (/(x) ® g{x))) , (51) 
with operator J^eoi,k given by 

i ( 1 
•Feo,,. = ■ = • Te^. = exp - 2^oi(i'o A P^) + -(Pq A Mu) 

Z Y K 

Consequently, we get 

\xQ,Xa\^ = -{^laXk- ^kaXl) ^liQQibia , =0. (52) 

The above relations define the relativistic space-time corresponding to the algebra UQ^.^fXP) 
Obviously, for k ^ oo or Q^i ^ we obtain the space-time associated with W^p. ("P) or 
UkiV) Hopf algebra provided in [8] and [I5] respectively. 

^[a^h]i, = a-kb — b-k a. 
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iii) the deformation (7) 

For the last Hopf algebra UoQ^^ftiV) we have 

fix) -keo,,K 9{x) =ujo > (/(x) ® g{x))) , (53) 

and 

J^eo.-, = exp (^29o.{Po A P,) + ^(P, A M^)^ , (54) 
what gives the following relativistic space-time 

[xo,Xa]*g^.^-^ = 2i9oiSia , [Xa, Xb]i.g^^^^ = -^5ib{5kaXl - SiaXk) + -Sia{SibXk - SkbXi) . 

Of course, for parameter R approaching infinity or parameter running to zero, we 
get the relativistic space-time corresponding to Ug^-iV) or Uf^iV) Poincare Hopf algebras 
respectively. 



5 Generalized twisted Galilei Hopf algebras 

In this Section we calculate the nonrelativistic contractions of Hopf structures derived in 
Section 3, i.e. we find their nonrelativistic counterparts - the generalized twist deforma- 
tions of Galilei Hopf algebra. 

First of all, let us introduce the following redefinition of Poincare generators ^22] 

Po = ^ , Pi = T^i , Mij = K,j , Mio = cVi, (55) 

where parameter c denotes the light velocity. Besides, we also introduce five parameters 
A, A, A, ^ki i^ik) and ^oi (6o) such that 

X = k/c , X = kc , A = K , iki = dki {iik = dik) , ^oi = 0Qi/c {^io = Oio/c). (56) 



Further, one performs the contraction limit of algebraic part ([H]) and coproducts (( l39l) .fj40 
ED, (is])) and ((in]), (iTD) in two steps. Firstly, we rewrite the formulas (IHl) and ((l39l).f|40l 



B2|) . fH3|) ). ( (I46l) . (l47|) ) in term of the operators (!55|) and parameters ([56 



take the c ^ oo limit, and in such a way, we get the following algebraic 
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. Secondly, we 



[ Kab, Kcd ] = i {Sad Kbc — Sbd Kac + ^bcKad — ^acKbd) , 

[Kab,Vc]=l {5bc Va - 6ac H) , [ Kab, ^c] = t {She ' Sac Hfc) , (57) 
[Kab,no] = [Va,Vb] = [Va,Ilb]=0 , [VaM = -tUa , [H^,H.]=0, 



and coalgebraic sectors 
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a, b,c,d= 1, 2, 3. 
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i) nonrelativistic (^ki? A)-deformation 



+ ^kl[{SlaIlb - Sib Ha) ® Hfc + ® {6kaT^b " ^^n^)] , 



ii) nonrelativistic (^oi? A) -deformation 



zA 

+ (cos(4no) -1)± (Sk^Jlk + Si^Ui) , 
2a 



2a 

+ [[Kab, Kki] , Kki] ± (cos(ino) - 1) 

2 a 

- ^Oi^O A (Siallb - SibUa) 

- ^oi [[Kab, Kki] , n,] ± Ho sin(ino) 

2a 

+ iCoi [[[Kab, Kki] , Kki] , Ui] A no(cos(4no) - 1) , 

2a 



A^^^3,(K) = Ao{Va) + XKkiAlla + i[Va,Kki]Asm{Xuo) 

2 a 2a 

+ [[Va,K,i],Kki]±{cos{Xuo)-l) 

2 a 

+ Kki Sin(ino) ± i (Ska^l - SiaUk) 

2A 2A 

- 4 {Skalik + Slalil) A Kkl{cOs{Xllo) - 1) 

2a 2a 

- ^o^^a An, - l^o^ [[[K, K^l] , K^l] , Hq] A (cos(ino) - 1)0, 

2a 

+ Coi [[Va, Kki] , Ho] ± sin(ino)ni , 

2a 
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iii) nonrelativistic (^oi, A)-deformation 

^5o.,A(n^) = Ao(n^) + sin(^n,) A(4^n/-(5i^nfc) 

+ (cos(in,)-i)±(5,^nfc + 5i^no , (64) 

1 

+ i[Kab,KM] Asm{-^Ui) 
ZA 

+ [[Kab, Kki] , Kki] ± (cos(in,) - 1) 

+ Kki sini^Ui) ±j^{^iUk-Xi^i) (65) 
+ ^ {tPiUi + x^'nk) A Kkiicosi^Ui) - 1) 

- ^oiHo A (diJlb - 6iblla) 

- ^oi [[Kab, Kki] , n,] ± Uo sm(ini) 

+ ^^oi [[[Kab, Kki] , Kki] , n,] A no(cos(ini) - 1) , 

ZA 



A^^^-,{Va) = Ao(K)+^[K,i^H] Asm(in,) (66) 



+ [[K, Kki] , Km] ± (cosi^Ui) - 1) 

2A 

- ^oilla AH, - z^oi [[[Va, Km] , Km] , Uq] A (cos(ini) - l)Ui 

ZA 

+ io^ [[Va, Km] , Ho] ± sin(in,)ni . 

The relations ( !57|) together with coproducts i), ii) and iii) define the generahzed twisted 
Gahlei Hopf algebras U^^^^x{Q), U^^, ^{Q) and lA^^. xiQ) corresponding to the Poincare 
Hopf algebras Ue^i^niV), Ugg.^fi(V) and UeQ-fi{V) respectively. It should be noted that for 
parameters ^m, ^oi running to zero and (or) parameters A, A, A approaching infinity, the 
above algebras become classical (or one gets twisted Galilei Hopf structures proposed in 



6 Final remarks 

In this article we provide three new generalized Poincare Hopf algebras and corresponding 
relativistic space-times. All three space-times combine two kinds of quantum deformations 
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- canonical and Lie-algebraic deformation leading to the models with quantum time and 
classical space as well as with quantum time and quantum space. Further, we also perform 
three nonrelativistic contraction limits to the corresponding Galilei Hopf structures. 
The present studies can be extended in various ways. First of all, one can ask about 
= 1 supersymmetric extensions of the constructed deformed Hopf algebras. Besides, 
one can also consider still more complicated (twisted) generalizations of the relativis- 
tic and nonrelativistic quantum space-times. For example, it is possible to consider the 
Poincare or Galilei Hopf structure leading to the superposition of canonically and quadrat- 
ically deformed quantum space. Finally, it should be noted, that dual quantum Poincare 
(Galilei) groups Ve^^,^ (%,,a), ^eo.,/i (^Co,,a) ^^'^ ^eo„s (^Co„a) can be obtained by canon- 
ical quantization of the corresponding Poisson-Lie structure [28] or with use of so-called 
FRT procedure [29]. Consequently, as it was mentioned in Introduction, one can find 
in the framework of Heisenberg double procedure [11] the corresponding relativistic and 
nonrelativistic phase spaces associated with the above algebras. All these problems are 
now being studied. 
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